Chern insulators are states of matter characterized by a quantized Hall conductance, gapless edge modes but also a singular response to monopole configurations of an external electromagnetic field. In this paper, we describe the nature of such a singular response and show how it can be used to define a class of operators acting as non-local order parameters. These operators characterize the Chern-insulator states in the following way: for a given state, there exists a corresponding operator which has an algebraically decaying two-point function in that particular state, while it decays exponentially in all other states. The behaviour of the order parameter is defined only in terms of the electromagnetic response, and not from any microscopic properties, and we therefore claim to have found a generic order parameter for the Chern insulating states. We support this claim by numerically evaluating the order parameters for different insulating states. We also show how our construction can be generalized to other states with topological electromagnetic response, and use the states with a quantized magnetoelectric effect in three dimensions as an example. Besides providing novel insights into topological states of matter, our construction can be exploited to efficiently diagnose such states numerically.
I. INTRODUCTION
Topological states of matter can, by definition, not be assigned any symmetry breaking local order parameter. Instead, their characteristics are captured by global properties, i.e. topological invariants 1 , or equivalently, universal properties of the edge-physics [2] [3] [4] .
One may however ask whether there exists some nonlocal transformation to a dual theory, where the topological order turns into a local order, i.e. an order characterized by correlations functions of local operators. Such a formulation could be beneficial by providing novel ways to view known phenomena, but might also be a method to discover new ones that might be difficult to find with other means.
The main question we address in this work is whether such non-local transformations can be found just by knowing the low energy response to external perturbations. We consider states characterized by a topological response to external fields coupling to a conserved U (1) (e.g. electromagnetic) current. For concreteness, our primary focus are the Chern insulators 5 , which are spatially two-dimensional (2+1D space-time dimensions) states of matter characterized by their quantized Hall conductance. However, our approach is quite general, and should be possible to generalize to many other states in the symmetry protected topological periodic table [6] [7] [8] [9] [10] . As an example of such a generalization, we consider states with a quantized magnetoelectric effect in 3 + 1D [10] [11] [12] [13] [14] [15] [16] .
The Chern insulators are topologically equivalent to the integer quantum Hall (IQH) states 17, 18 (i.e. an integer number of filled Landau levels) and therefore share the same U (1) response. For the IQH states, one can explicitly show that they can be understood as states of condensed composite bosons. These bosons are defined by a singular flux attachment to the original electrons which changes the exchange statistics from fermionic to bosonic. Such a "transmutation" can be understood as follows: in 2 + 1D, each electron of the system can be viewed as a hard core boson attached to a fictitious flux quantum. This flux quantum can be taken to point in the opposite direction of the real magnetic field and in a filled Landau level, the fictitious field will on average cancel against the real magnetic field. The system can thus, on large length-scales, be viewed as consisting of a condensation of free "composite bosons". Such a Chern-Simons-Bose-Einstein condensate, as described in Refs. 19, 20 , is characterized by algebraic decaying two-point boson correlators. More precisely, the second quantized composite boson operator φ exhibits the following property
where α is a constant shown below to be directly related to the long-range U (1) response. The filled Landau level, can therefore be viewed as a long range ordered bosonic condensate as demonstrated by the existence of the algebraically decaying correlation functions 21 . In this work, we view such an operator as a non-local order-parameter, or just order-parameter, keeping in mind that no meaningful local order parameter can be defined.
In this paper, we study an analogous order parameter, but with a different interpretation. We show that the non-local order can be interpreted in terms of the response to monopole configurations of an external 2 + 1D arXiv:1912.06159v1 [cond-mat.str-el] 12 Dec 2019 electromagnetic field [22] [23] [24] [25] [26] [27] . Importantly, basing our construction on such a response does not rely on any statistical magnetic field cancelling a physical one, and in fact it does not rely on any microscopic properties of the system. In particular, it does not depend on whether the system is composed of electrons or some other, more exotic state realizing a quantized Hall conductance, for instance a system with interacting bosons. This generality implies that our construction also works for Chern insulators, which do not require any external magnetic fields, and it could also be generalized to other topological states.
Besides the theoretical appeal of understanding the Chern insulator states as a "non-local order" there is also a practical advantage: an order parameter is often very easy to calculate with efficient numerical algorithms, e.g. auxiliary field Monte Carlo. Hence, our construction could be very useful in numerical studies of interacting systems.
The remainder of this paper is organized as follows. In Sec. II, we introduce the concept of non-local order parameters in the context of Chern insulators. We then show in Sec. III how these order parameters can be interpreted as insertions of 2 + 1D U (1) monopoles, and in Sec. IV how the order parameters can be obtained from an effective response theory of such insertions. In Secs. V and VI, we calculate the monopole response of the ground state for Chern insulator states with Hall conductance σ H = e 2 h and σ H = 0 respectively. In Sec. VII we outline generalizations to other states, with 3+1D states characterised by the quantized magneto-electric effect as an example. We complement our analytical calculations with numerical modelling in Sec. VIII and summarize the paper in Sec. IX together with a few prospects towards future research.
II. AN ORDER-PARAMETER FOR CHERN INSULATORS
As our starting point, we consider the non-local order parameter for the IQH effect. If we take the operator ψ † (x), which creates an electron at position x = (x, y), and multiply it with an operator η(x)
the resulting operator φ † (x) is bosonic. We use the notation arg(x) to denote the polar angle of x. It can be shown analytically 21 that this operator has algebraically decaying correlation functions in |LLL , the state of the filled lowest Landau level: when |x − x | is large compared to the magnetic length (l = eB/ , where B is the external magnetic field), the following expression holds:
For a local (product) state, however, the analogous correlator vanishes as long as x = x . This suggests that the algebraic off diagonal long range order (ODLRO) (4) can be used to distinguish between a trivial insulator and a IQH state. The idea of studying this operator is three decades old 21, [28] [29] [30] and was further suggested as a way to understand the Laughlin state 31 , i.e. a fractional quantum Hall state. We will here view it from a different perspective and show that the long range order is a characteristic property of the Hall conductance σ H . For each integer ν in
there exists an associated operator which characterize the corresponding state. We show that algebraic ODLRO is directly connected with singular behavior in the presence of a U (1) monopole (or the absence of such behavior, in the case of the σ H = 0 state). For each value ν above, the operator φ m (x)| m=ν distinguishes between the different values of ν in the following way: if |Ψ ν is an insulating state with σ H = νe 2 /h, the following asymptotic behaviors hold
with increasing |x − x | (here, α and λ are non-universal constants). What are then the expressions for φ m (x) or φ † m (x)? It turns out that the important component is η(x) in Eq. (2), which also defines φ † 0 (x). The precise form of φ † m (x) is in fact not important, but only the property
with χ being some product of creation operators satisfying
where n(x ) is the number density of the U (1) charge, and R x is a region centered at x with a radius small compared to λ in Eq. (6) . If the U (1) charge density operator is given by
we can e.g. take
The precise form of η(x) is in fact not crucial either. The important feature is only that it can be interpreted as the insertion of a 2 + 1D U (1) monopole. To illustrate this statement, and the asymptotic behavior in Eq. (6), we next take a closer look at the operator η(x).
III. η AS A 2+1D MONOPOLE
In this section, we show that η(x) can be interpreted as the time-evolution operator associated with the insertion of a 2+1D U (1) monopole. To avoid confusion, we begin by explaining what we mean with a monopole in various space-time dimensions. Our convention is that = 1 and we absorb the electrical charge in the definition of the electromagnetic vector potential A µ and similarly in the electromagnetic field tensor F µν = ∂ µ A ν − ∂ ν A µ . We denote space-time and space indices by greek and latin letters respectively and repeated indices are to be summed over.
The electric source current density j µ , i.e. the U (1) number current, is defined by the Maxwell equation
Similarly, we may define a monopole source current, j m.p. as the right hand side in the dual Maxwell equation
where the dual field strength is defined bỹ
in which ε λσµ...ν is the totally anti-symmetric Levi-Civita tensor. It is crucial to note that only in 3 + 1D is the elementary monopole source a current corresponding to a point particle. In 4 + 1D, it is the world sheet of a string and in 2 + 1D it is a point in space-time often (in Euclidian space) referred to as an instanton. It is the latter case that is the main focus in this paper, but the higher dimensional case will be relevant for constructing order parameters for 3 + 1D U (1) states [10] [11] [12] [13] [14] [15] . We therefore continue by discussing only the 2 + 1D monopole in more detail. In this case, Eq. (13) reads
where we have taken the space-time monopole density to be a delta function of unit (magnetic) charge. Clearly, there are many possible field configurations that satisfy Eq. (15) . The one we shall make use of reads (the reason will become clear in the next section)
, which amounts to creating an instantaneous pulse of electric field. Fixing a gauge, we can obtain Eq. (16) from the gauge potential
Assuming further a Hamiltonian
whereH( A(t)) is the non-singular part and n(x) is the local charge density, we can calculate the infinitesimal time-evolution operator U (− , ) from time t = − to time t = as the time ordered (denoted by T ) exponential of the Hamiltonian according to
where we used that the contribution fromH( A(t)) vanishes as → 0. We conclude from Eq. (19) that the application of the operator η(x) can be interpreted as an infinitesimal time-evolution of the ground state in the presence of a monopole source insertion. We next show how this result allows us to obtain the order parameters φ m (x) from U (1) response theory.
Here, we show how the algebraic ODLRO follows from the U (1) response theory of Chern-insulator states. To proceed in a self-contained manner, we begin by recalling some general formalism.
Let W[A µ ] denote the functional of an external U (1) gauge field, which generates connected current density correlation functions. In a state given by the density matrix ρ, the functional is given by
To see that this is a valid expression, remember the definition
where A bg is a background field. Using
one directly gets
The second order functional derivative gives the covariance (or connected two-point function) of the currentdensities at different points (or variance if the derivatives are evaluated at the same point)
and analogously for multiple current insertions. We assume that ρ is the ground state of the gapped Hamiltonian H(A bg µ (t = −∞)) and that H(A bg µ (t)) is gapped for all time. Then, it follows from the adiabatic theorem that W[A µ ] is local in time for fields A µ varying sufficiently slowly. If the Hamiltonian is local, W[A µ ] will also be local in space, and because of current conservation it is also gauge invariant. Assuming (approximate) translation and rotation symmetry over long distances we can then expand the functional as follows
where E A and B A are the electric and magnetic fields associated with A and the dots denote higher order terms which dictate the short distance and strong field dependence. Since we are interested in the opposite limit, these terms will from now on be neglected. The integer ν in Eq. (25) has a topological significance. In an IQH state it is simply the number of filled Landau levels, and more generally in a Chern insulator it is the first Chern number 5,32-34 . Using Eq. (23), the Chern-Simons term in Eq. (25) yields, as units are restored, Eq. (5) which demonstrates the topological nature of the Hall conductance. Since the integer ν cannot change continuously, each integer defines a distinct state of a gapped zero temperature system, i.e. Chern-insulator states or IQH states, depending on the context.
Our claim is now that the correlation functions in Eq. (6) can be inferred directly from the response action (25), although Eq. (25) is formally only valid for slowly varying, smooth configurations of the background U (1) gauge field. In the following we will only make use of the defining property, Eq. (8), of φ † m (x) and the analysis is valid for all non-zero values of m. For simplicity, we consider only φ † 1 (x) and assume that the charge density is composed only of a single species of fermions, n(x) = ψ † (x)ψ(x). We also take the explicit form φ † 1 (x) = ψ † (x)η(x) and use it to show the main claim of the paper, that the asymptotic behavior (6) follows from the long-range U (1) response.
Now to the question of why we choose the particular electric and magnetic field configurations of Eq. (16) as a solution to the monopole equation in Eq. (15) . Our aim is to arrive at the expression for a creation operator of an order parameter field. The field configuration should therefore be instantaneous in time. However, we could have chosen any electric field given by a gauge potential of the form
where f is any singled valued function. As we will describe in more detail below, a Chern-Simons term implies that a monopole will be associated with electrical charge, which is the reason for the difference in the behavior of the non-local order parameter in the different states. We, therefore, do not want any charge to be created by the Maxwell term
Consequently, A 0 should correspond to the solution to the equation of motion obtained by varying the Maxwell term with respect to A 0 . That is
With the boundary condition f → 0 when x → ∞ we get f = 0. This analysis also hints why it is reasonable to derive the ODLRO only from the low order correlation function. If we consider also higher-order translationally and rotationally invariant terms in the response action, i.e. terms of the form
where m and n are integers, the field configuration (17) is still a solution to the equation one obtains by varying these terms with respect to A 0 . With this background, we present in the following two sections the derivation of Eq. (6).
V. THE TRIVIAL CHERN INSULATOR STATE
We first consider the topologically trivial ν = 0 state, where we want to prove
To this end, we compute the variance of the total charge N x in a small region R x , in the state
It follows from Sec. III that acting with the operators η † (x )η(x) is equivalent to a perturbation with the back-
Using the response functional (25) with ν = 0 in Eq. (24), we obtain
In a similar way, we also calculate the expectation value of N x and we conclude that if x / ∈ R x it follows that ψ † (x) η † ηΨ 0 and ψ † (x ) |Ψ 0 are eigenstates of N x with different eigenvalues. Since can be made arbitrarily small, Eq. (30) follows. One may now wonder why the right-hand side of Eq. (30) is zero and not an exponential as claimed in Eq. (6) . This is an artifact of using the fully local response functional (which is the case when ν = 0):
This expression is only valid for calculating long distance properties of the system. To illustrate this point, let us see what happens with our previous argument when we regularize the delta function in the equation above as
The expectation value N x remains the same, but the variance becomes instead
By using that the N x expectation values in the states ψ † (x) η † ηΨ 0 and ψ † (x ) |Ψ 0 differ by 1 (since ψ † (x) creates a unit charge at x), and the expression (35) for the variance, we can put an upper bound on the correlation function
This argument shows that the scale λ in Eq. (6) is lost in the local description δ → 0, i.e., with the microscopic scales set to zero. We next turn to the correlator
From the definition (20) for the response functional we can identify this expression with e −iW[A x x ] . We will make extensive use of this indentifcation later, but for now it suffices to use the correlation function directly from the definition
This follows because the delta functions δ(t) in A x x must be regularized to evaluate e −iW[A x x ] , but by using Eq. (38), we avoid that complication.
To compute the expectation value of the integral of an operator we can, since W[A µ ] is quadratic, use the cumulant expansion
We then obtain
To evaluate this particular spatial integral, we use without loss of generality, polar coordinates {r, ϕ} with the origin at x . We find
where R ≡ |x − x | and the ellipsis denote R-independent terms which diverge as the short distance cutoff δ → 0. From Eqs. (40) and (41), we conclude that
where α is the very same constant as in the response functional (25) . Thereby, we obtained the previously stated algebraic decay, but we also see that the decay is intimately related to the system's electric polarization. We next turn to the non-trivial Chern-insulator states.
VI. CHERN INSULATORS-IMPORTANCE OF THE CHERN-SIMONS TERM
In this section, we consider the states |Ψ ν with ν = 0. To make the argumentation more concrete, we focus on |Ψ 1 . We begin by proving
As in the previous section we can use the identity
Let us factor the response functional according to
with
It turns out that it is the Chern-Simons term that is responsible for the zero result in Eq. (43), so we temporarily neglect the the Maxwell term. The electrical field E(x ), defining A x x µ , is singular at t = 0, x = x or x = x . This feature was not a problem in the previous section, where we used a direct regularization by removing the singularity by cutting away a small region in space-time, around the singularities and took the limit of the region becoming infinitesimally small. The problem with this procedure in the presence of a Chern-Simons term is that the presence of space-time boundaries breaks gauge invariance. We cannot therefore simply cut away a small region for the non-trivial states. We can however overcome this limitation by rewriting the expression (46) in a way that is equivalent when treated in a system without a boundary but remains valid even if a boundary is present. We use use the "functional boson" identity 35 and write
which clearly holds when space-time does not have a boundary. To proceed, we simply define our Chern-Simons response functional as in Eq (48) also in the presence of boundaries. When space-time does have a boundary, there is no gauge invariance for b µ on the boundary and these "would-be" gauge degrees of freedom can be written in terms of a scalar boson Θ (see e.g., Ref. 36 ). Let us next imagine removing a small ball B from space-time M, leaving us with the new space-time M/B. When we next integrate out b µ , we find
For our purpose, there is no need to fully specify the boson Lagrangian L[A µ , Θ]. The only property we need is that it contains an "anomalous" term
where N σ is the normal to the boundary ∂B of the ball B. If ∂B surrounds a monopole, then
where s m is the monopole strength. Since the functional integral (49) contains an integral over the constant mode Θ const. , it follows that if there is a boundary surrounding a monopole with strength s m , we must have
We can therefore conclude that due to the Chern-Simons term
From these calculations, we can in fact draw additional conclusions. When we compute current expectation values (away from the points x and x ) in states where η(x) or η(x ) are inserted, the boson Θ does not contribute (other than possibly with the above calculated delta function). Because of current conservation, we can also compute the change of charge at e.g., x from time t = − to time t = : this change is simply the current that has flown to x during that time. By a direct calculation, it follows that the electric field in Eq. (16) (corresponding to η(x)) changes the charge by 1 if the Hall conductance takes the value corresponding to ν = 1. Furthermore, an operator which increases the expectation value of the charge by 1 must be proportional to ψ † (x) since we assumed n(x) = ψ † (x)ψ(x). The effect of η(x) in a state with a ν = 1 CS term is therefore, up to a constant, the same as the effect of ψ † (x)η(x) in a state with the same response, but with ν = 0. It is instructive to see some of the steps in this argument spelled out in more detail. We do this by first proving that with ν = 1, η(x) changes the expectation value of N x by 1, i.e.
If this identity holds, and if both |Ψ 1 and η † (x) |Ψ 1 have zero variance in N x , it implies that
Because of current conservation we can calculate this change in charge as the charge that has flowed in to R x by the insertion of η(x)
where ∂R x is the boundary of the region defining N x and N µ is its normal. By definition, this expression equals
with
We first note that W M ax. [A µ ] gives no contribution to ∆, so we focus next on the contribution from W CS [A µ ], for which we can use Eq. (49). We can choose the ball B arbitrarily small and in particular choose it such that it does not intersect ∂R x . Then the functional integral part of (49)
gives no contribution, and we get
We can therefore conclude that the Chern-Simons term results in η(x) ∼ ψ † (x). The Maxwell term gives the same contribution as in the previous section, so we can finally conclude
For the other order-parameters φ m (x) with m = 1 we get zero which can again be shown by the fact that the below bra and ket states have different N x eigenvalues,
As for the trivial state, the reason we get zero and not exponential decay happens because the length scale which dictates the exponential behavior is set by a scale already assumed to be zero. We therefore end this section with an argument for the exponential decay based on confinement of monopole-antimonopole pairs. A remarkable and well-known property of the Chern-Simons term is that it attaches flux to charges, which makes it a useful model for anyonic statistics 37 . Equally remarkable, but not as well-known, is that the opposite mechanism is also at work: the insertion of a monopoleantimonopole pair into the Maxwell-Chern-Simons theory induces an electrical current which flows through the connecting Dirac string [22] [23] [24] 26, 38 . Because of its physical charge, the string becomes a physical entity and the pair interact through a linearly confining potential. In particular, isolated monopoles (which have infinite string lengths) are completely suppressed in the partition function. We can therefore in Eq. (6) identify the constant λ as the inverse string tension and the asymptotic exponential decay follows from the linear potential between the monopoles. This should be contrasted to the trivial ν = 0 phase, where we showed above that the monopoles interact through the ordinary 2 + 1D logarithmic Coulomb potential. This argument ends our analytical treatment of the Chern insulator states, and we proceed to generalize our construction to other topological states of matter.
VII. GENERALIZATION TO 3+1D
In this section, we discuss how a similar notion of nonlocal order-parameter can be constructed for topological insulators characterized by electromagnetic response in form of θ-terms [10] [11] [12] [13] [14] [15] . As opposed to the Chern-Simons term, the θ-term is only quantized if there is either timereversal or chiral symmetry which is therefore always assumed in this section.
We consider 3 + 1D, where the θ-term reads
Just as the Chern-Simons term binds an electric charge to a flux-insertion, this term binds ν/2 charges to a magnetic monopole 39 . Let us follow the recipe from the last section and construct a non-local order-parameter φ ν (x ) for the state with a given ν in Eq. (62). Let us take ν = 1 as an example. There will then be half of an electric charge associated with every monopole, so an the order-parameter, φ † ν=1 (x ), should be of the form
where η † (x ) now correspond to a singular electromagnetic field associated with creating a monpole at x . Let us consider such a field. We want the field strength to obey
which corresponds to a stationary monopole at x after t = 0, and no monopole before t = 0. From Stokes theorem, we see that this is not possible. The world-line of the monopole must be closed (or extend to infinity), which means that we may not write down a field corresponding to creating a lone monopole. In other words η is not well defined on its own. Instead, we consider the combination η † (x )η(x ) which corresponds to an electromagnetic field strength instead obeying
Now we cannot get any further from the topological properties alone. Again we must, as previously, be guided by the next term in the derivative expansion. If we assume translation and rotation invariance on long length scales, this term is on Maxwell form
Using the minimization of the Maxwell term as a guiding principle, we can construct a suitable field configuration. This can be done as follows. First we choose the field strength after t = 0, i.e., when there are two stationary monopoles. By rotation symmetry of the Maxwell term the minimzer is just the rotation symmetric monopole,
where r and r are the radial unit vectors centered at r and r respectively. Since world-lines are needed to be closed we also need a singular instantaneus monopole current at t = 0, moving a monopole charge from x to x. Again by symmetry, we can conclude that a minimum of the Maxwell term is attained if it follows a straight line between x and x . We choose our coordinates such that x = (0, 0, R/2) and x = (0, 0, −R/2). We thus have the equation
where, x ⊥ denote the component of x in the xy-plane and H is the Heaviside step funtion,
With the additional requirement that the field takes the form (66) for t > 0 we have the general solution for singular part of the field configuration at t = 0 of the form E(x, t) = δ(t) E 0 (x, x , x ) + ∇f (x) . If we take x = (0, 0, R/2) and x = (0, 0, −R/2) then E 0 is given by
Here, arg is the 2+1D argument function in the xy-plane.
As in the 2D case we have an arbitrary gradient term ∇f (x). Just as then we conclude f ≡ 0 from minimizing the Maxwell term. Again just as the 2+1D case we then define η † (x )η(x ) as the time-evolution operator of this field, during an infinitesimally small time interval around t = 0. This procedure leaves us again with just the minimal coupling term at t = 0 since the other terms in the Hamiltonian are finite and vanish in the limit of vanishing time-interval around t = 0. However, this time we cannot choose a gauge where the vector potential only depends on the charge density, but we must instead use the full current operator. Since the current is conserved we can, using the Helmholtz decomposition, write the current operator as the curl of a vector field according tô
If we integrate by parts the minimal coupling term j µ A µ , containing such a decomposition, we end up with
This is a double integral over space, and it includes the current operator in contrast to only the density operator as for the Chern insulator. The operator is therefore much more involved to handle numerically, and we leave numerical evaluations for 3 + 1D to the future. However, if we are only interested in the order-parameter for the ν = 0 state there is a convenient way to simplify this expression. If we take R → ∞, we get
The situation is now very similar to the Chern insulator and we can choose A = 0 to get
This operator corresponds to sending one monopole to z = +∞ and the other to z = −∞. If ν in the θ-term is non-zero, the expectation value of this operator should be zero. However, for a finite system of size L 3 , the charge associated with the monopole can only be dragged to the system edge, and we therefore expect the operator to decay exponentially in the system-size for ν = 0. When we now move on to numerical calculations, this feature will indeed be shown to hold.
VIII. NUMERICAL SIMULATIONS
In this section, we perform a few numerical checks of our proposed order-parameters for 2 + 1D and 3 + 1D by using two simple representative lattice models.
A. The Chern insulator
We begin with the the non-interacting Chern-insulator lattice model from Ref. 40 . Specifically, we consider a square lattice with sites labeled by x (the lattice constant is for simplicity set to unity) and two electronic states at each site, created by the operators c † 1x and c † 2x respectively. The Hamiltonian of this model reads
where
, M is a variable parameter, and σ x , σ y , σ z are Pauli matrices in sub-lattice space. It can be shown analytically 40 that the ground-state of this Hamiltonian has the Hall conductance
where the natural constants, e and h, are re-introduced.
To verify the asymptotic behavior of the correlation functions, Eq. (6), we define the lattice operators
and
as well as the discretized argument function
With these definitions, we next compute the correlation functions
where |Ψ M is the ground-state of the Hamiltonian (74) for a given M . The functions F M 0 (R) and F M 1 (R) are shown in Fig. 1 for a fixed M = 1/2 (so that ν = 1) on a lattice with 160 × 100 sites. The lattice size has been chosen large enough to make sure that x and x is far enough from the edge to avoid distortions from the gapless edge mode. These calculations are in accordance with our analytical results: the correlator F We proceed by computing, in the same system, for a fixed R = 50, F M 0 (50) and F M 1 (50) as functions of M . These results are depicted in Fig. 2 . We see that F M 0 (50) only has support in the trivial regime (|M | > 1) while F M 1 (50) is finite only in the the regime where ν = 1, (0 < M < 1).
From these simple numerical checks, we conclude that our order parameters work as expected. 
B. 3+1D chiral topological insulators
As a representative state with non-zero θ-term, we consider the (3 + 1)D class AIII topological insulator. We use the following four-band model on a cubic lattice
where τ and σ are Pauli matrices in lattice and spin space respectively and {x µ } µ=1,2,3 denotes the three primitive vectors of the lattice. The Hamiltonian (80) is characterized by values for ν in the θ-term (62) according to
(81)
To check the expected behaviour of the trivial state order parameter construction in Sec. VII, we compute the correlation function
We take φ 0 (x) and the argument function as defined as in Eq. (76) and Eq. (78) repsectively. Further, |Ψ µ is the ground state for a given value of the mass parameter µ.
We depict in Fig. 3 this correlator as a function of µ for a few different system sizes. We see that, up to a finite size contribution that vanishes with increasing system size, F 3D (µ) vanishes inside the parameter range where the θ-term is non-zero, the interval −6 < µ < 0. Our computation therefore in accordance with the anticipated behaviour in Sec. VII. The operator η is an order-parameter for the state without a θ-term. With a θ-term present η ∼ exp(−L/λ) for some λ. However, without the chiral symmetry λ → ∞ even without a gap closing; it can be arbitrarily large independent of the gap of the Hamiltonian. We verified that when we increase system size, the correlation function (82), in the region −6 < µ < 0, typically approaches zero much slower if we break chiral symmetry. Up to finite size corrections that vanishes with increasing system size, the correlator vanish in the parameter range where the θ-term is non-zero, the interval −6 < µ < 0.
IX. SUMMARY AND OUTLOOK
In this paper, our main achievement was the construction of a set of non-local order parameters for the IQH or Chern insulator states, i.e. any state characterized by its quantized value of the Hall conductance. We showed that for each such state, there exists an associated operator that can be interpreted as the insertion of local charges and 2 + 1D monopoles at two points separated in space. Such an operator was further shown to decay algebraically in the monopole separation distance only for its associated state but exponentially in all the other states. As such, their behavior characterize the insulator states, and the operators therefore constitute general non-local order parameters for these states. This generality is supported by the important fact that no microscopic input was used in our construction, but only the anomalous 2 + 1D U (1) response, which can be viewed as a complementary definition of the Chern insulator.
We argued further that our construction could be generalized to other topological systems with anomalous response. We demonstrated how this could be done for the 3 + 1D topological insulators 4,10,14 , with a chiral (or axial) anomalous response for the bulk and a half level Chern-Simons response for the boundary.
Apart from providing a complementary view on topological states of matter, i.e. one in terms of a singular U (1) monopole response, our construction presents a strong numerical advantage compared to computing topological invariants. Such computations are numerically expensive, especially in the presence of disorder or interactions. Our construction could therefore be very beneficial in numerical studies of strongly correlated and disordered topological systems.
We end with an outlook towards future studies. One interesting direction is to study the critical behaviour of the order parameters in the vicinity of the Hall transitions, i.e. when ν changes. Our preliminary results indicate that the operators seem to display universal behaviour in these regions.
We anticipate that our construction can be generalized further, and in particular to 1D systems. It would also be interesting to study the relation between our construction and non-local order-parameters in systems beyond gapped topological systems, such as Ref. 41 . The connection to other types of non-local order parameters such as those in Ref. 42 would also be worthwhile to explore.
